MAPPING CLASS GROUP RELATIONS, STEIN FILLINGS, AND 
PLANAR OPEN BOOK DECOMPOSITIONS 



ANDY WAND 

Abstract. The aim of this paper is to use mapping class group relations to 
approach the 'geography' problem for Stein fillings of a contact 3-manifold. 
In particular, we adapt a formula of Endo and Nagami so as to calculate the 
signature of such fillings as a sum of the signatures of basic relations in the 
monodromy of a related open book decomposition. We combine this with a 
theorem of Wendl to show that for any Stein filling of a contact structure 
supported by a planar open book decomposition, the sum of the signature and 
Euler characteristic depends only on the contact manifold. This gives a simple 
obstruction to planarity, which we interpret in terms of existence of certain 
configurations of curves in a factorization of the monodromy. We use these 
techniques to demonstrate examples of non-planar structures which cannot be 
shown non-planar by previously existing methods. 



1. Introduction 

In recent years, a large body of work has brought to light surprising connections 
between open book decompositions, contact manifolds, Lefschetz fibrations, and 
symplectic and Stein manifolds. Giroux [S] has demonstrated a 1-1 correspondence 
between stabilization classes of open book decompositions and contact 3-manifolds 
up to isotopy of the contact structure, and further shown that such a manifold 
has a Stein filling if and only if the monodromy of some open book decomposition 
associated to it through this correspondence has a factorization into positive Dchn 
twists. Work of Giroux and others (in particular Loi and Piergallini [1 and Akbulut 
and Ozbagci [12]) has further shown that such a factorization defines a Lefschetz 
hbration of a 4-manifold filling of the contact manifold. In the case of a factorization 
into twists along homologically non-trivial curves, this defines a Stein structure on 
the filling and an induced contact structure on the boundary which agrees with the 
original structure. Conversely, any Stein filling induces such a Lefschetz fibration 
and open book decomposition. 

Via the above framework, one may translate questions concerning Stein fillings 
of a given contact manifold into questions concerning positive factorizations of 
the set of monodromies of its open book decompositions. It is however generally 
quite difficult to understand how the sets of possible factorizations of stabilization- 
equivalent open book decompositions are related. 

In this paper, we are concerned with curve configurations in a given mapping 
class ip, by which we mean any subword of a positive factorization of tp into Dehn 
twists. In particular, we are motivated by the idea of using an understanding of 
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possible curve configurations in the monodromy of a given open book decomposition 
to understand properties of its stabilization class (such as support genus, see e.g. 
[7]) and also the set of Stein fillings of the supported contact manifold. 

In Section [4j we adapt Endo and Nagami's [5] notion of the signature I(r) of a 
relator r in the mapping class group (itself a generalization of the Meyer cocycle 
[14] ) to the setting of contact structures and Stein fillings. This gives a simple 
method of calculating the effect of changing a factorization of the monodromy 
of an open book decomposition on the Euler characteristic and signature of the 
associated filling. In particular, we are able to show: 

Theorem 14.41 Let £ = S s & be a surface with boundary, and Xy, \, \> Lefschetz 
fibrations over D 2 , where X' is an r- substitution of X. Then 

a(X s>y ) - o-(X SjX ) = I(r). 

As an application, we find that well-known presentations of the mapping class 
group restrict the 'geography' of Stein fillings of a contact 3-manifold. 

This technique also gives more stringent restrictions on the set of Stein fillings 
associated to a contact structure via a given supporting open book decomposition. 
These restrictions, however, are not in general preserved by stabilization of the 
open book, and as such are not in general properties of the contact structure itself. 
Indeed, in [22] we constructed examples of positive open book decompositions for 
which stabilization enlarges the set of related Stein fillings. If, however, contact 
(M, £) is supported by planar open book decomposition (£, ip), then the situation 
is somewhat more restrictive, due to a recent result of Wendl 23 which in effect says 
that we do not have to stabilize (£, ip); the set of fillings related to (£, ip) is exactly 
the set of fillings of (M, £). This result allows us to use the above restrictions to 
demonstrate new obstructions to a contact structure being supported by a planar 
open book through existence of particular curve configurations in any supporting 
positive open book. We have: 

Theorem 15.61 If X\,X% are Stein fillings of planar (M, £), then e{X\) + <r(X\) = 
e{X 2 )+a{X 2 ). 

Letting n{r) denote the total exponent of all simple closed curves in r, we then 
interpret this in terms of curve configurations as: 

Corollary 16.31 Let {M, £) be supported by (Y,,<p), where ip £ Dehn + (Y<). Then if 
ip admits allowable relator r satisfying I(r) + n(r) 0, then (M, £) is not supported 
by a planar open book decomposition. 

These obstructions are of a substantially different flavor than the known ob- 
structions due to Etnyre [5] and Ozsvath, Stipsicz and Szabo [T5], and indeed we 
demonstrate simple examples of non-planar contact structures which cannot be 
shown non-planar through those obstructions. 

As a final comment, the dependence of these results on Wendl's theorem means 
that this approach, as is, has no hope of giving obstructions to support genus greater 
than zero. Furthermore, our above-mentioned earlier examples (constructed in |22j ) 
are of genus 2, so there can be no analogue of Wendl's theorem for genus 2 or higher. 
The case of genus 1 remains unknown. 

The organization of the paper is as follows. Sections [2] and [3] give basic defi- 
nitions concerning mapping class groups, Lefschetz fibrations, and open book de- 
compositions. In Section S] we recall Endo and Nagami's signature of a relation, 
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adapting their concept for a more general setting. In Section [U we combine this 
with Wendl's result to give necessary conditions on Stein fillings of planar contact 
structures, which we interpret in terms of existence of certain curve configurations 
in Section[6] Finally, we compare our results with those of Etnyre [6] and Ozsvath, 
Stipsicz and Szabo 18 in Section [71 

Acknowledgements. We would like to thank Burak Ozbagci, Ignat Soroko, and 
Chris Wendl for helpful comments on an earlier version of this paper, Andras Stip- 
sicz for helpful email correspondence, the anonymous referee for careful reading and 
suggestions, and the Max Planck Institut fiir Mathematik for support. 

2. Mapping class groups and relators 

Let S = S S) (, be a compact, orientable surface of genus g with b boundary 
components. The (restricted) mapping class group of E, denoted Ts, is the group 
of isotopy classes of orientation preserving diffeomorphisms of E which restrict to 
the identity on <9E. If b = 0, i.e. E is closed, we write simply E = E g . We denote by 
Dehn + (E) the subset of mapping classes which admit factorizations into positive 
Dchn twists, and by Fac + (ip) the set of such factorizations. 

Denoting by T the free group generated by isotopy classes of simple closed curves 
on E, there is a natural homomorphism g : J- — > Fs sending a curve a to the positive 
Dehn twist r Q about a. It is a classical theorem of Dehn that g is surjective. We 
call each element r of Ker(g) a relator in the generators of Fe. 

We have the following presentation of Ts, due to Gervais (SJ, with some simpli- 
fication due to Luo [13] : 

Theorem 2.1. For a compact oriented surface E, the mapping class group has 
the following presentation: 

generators: {r Q | a a simple closed curve in E}. 
relators: 

(I) T a for a the isotopy class of a null homotopic loop. 

(II) t^t-V- 1 for a n [3 = 0. 

(III) Tr^fsTaTp 1 ^ 1 (the braid relation) 

(IV) T ai QjaQ, 3 ^a 13 T~^r~^T~ X T~^ for curves as in Figure[l](a) (the lantern rela- 
tion) 

(V) ( T ui~f3) 6 T^ for curves as in Figure\T](b) (the 2-chain relation) 

In fact, Luo shows that one may replace relation (III) with the special case of 
#|a fl (3\ = 1; for our purposes the general case is more convenient. 

Suppose r = \( 1 \2 is a relator, and A a word in which can be written 
A = A3A1A4 (where each Aj is a positive word). Then we say A' — A3A2A4 is an 
r- substitution of A. If r is a braid relator, i.e. of type (III) above, an r substi- 
tution is often referred to as a Hurwitz move. We will unless otherwise specified 
be considering words only up to the relations of type (I), (II), and (III), as these 
preserve most of the information we will be interested in. Note that, with this 
convention, an r-substitution may always be viewed as concatenation of words. In 
particular, setting r' = A^ 1 o r o A4, we may write the above r-substitution as 

A = A3A1A4 ^> AsAiA4r' = A3A2A4. 
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(a) (b) 

Figure 1. Curves involved in the lantern and 2-chain relations 

It follows then that any r-substitution of a word A takes the form A(Aj~ i 1 Ai 2 ) . . . 
(A^Anj), where each r t := A~ 1 Ai 2 is a relator of type (IV) or (V). We write 
r = l\ri. 

Example 2.2. As an example, consider the '3-chain' relator r = t~ 2 {r a . 23 T a Ti3) A , 
where curves are indicated in Figure [2] (the general definition of an n-chain relation, 
due to Wajnryb [5D], is given in Section [5]). We may decompose r as r\r2, where 
rj is the lantern relator T~^T^T^T~^T ai2 T a23 T ai3 and r 2 the 2-chain t$ (r Q r^) 6 . 
We recover r by pasting the supporting surfaces along a common subsurface (here 
a pair of pants) so that a±2 — S, and 03 ~ 04 ~ /3, and performing a sequence of 
Hurwitz moves and cancellations. 




Figure 2. Decomposition of the 3-chain relator 



Example 2.3. For a final example, which we include for later reference, we will 
demonstrate a 'non-standard' relator r ns built from two lanterns and a 2-chain. 

Let T\ — T n ,T n ,^T n ,,T n ,.T^ 1 T^ 1 T7' 1 , = T„' T n i T n > T~} T~} T~} T~} and T-i — 

1 <x\ c*2 "3 «4 CK13 a23 a 12 ' z a 12 Q 23 a 13 CK^ CK 2 a 3 a 4 

t,5~ (t^Tc*) 6 be as in Figure Pasting the supporting surfaces for each of these re- 
lators together as indicated to get £ = £1,3, we have «2 — ot' 2l a.3 ~ a 3 , 023 — a 23 , 
~ /3, and «4 ~ S. We then perform a sequence of cancellations to find that 
r ns ■= r 2 rir 3 = T a {T^T a ) h r a ^T a ^T ai T~}r^T^ giving the mapping class equiva- 
lence in the lower two figures. 

3. Lefschetz fibrations and open book decompositions 

Let X and B be compact oriented smooth manifolds of dimension 4 and 2 re- 
spectively, possibly with boundary. A Lefschetz fibration f : X — > B is then a 
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smooth surjective map which is a locally trivial fibration outside of finitely many 
critical values {b{\ £ int(B), where each singular fiber has a unique crit- 

ical point, at which / can be modeled in some choice of complex coordinates by 
f(zi,Z2) — z\ + z\. If V £ B is near a critical value bi, then there is a simple 
closed curve C in called a vanishing cycle, such that the singular fiber 

/~ 1 (6i) can be identified with f~ l {b') after collapsing C to a point. The boundary 
of a regular neighborhood of a singular fiber is a surface bundle over the circle 
with monodromy a right-handed Dehn twist along the corresponding vanishing cy- 
cle. Once we fix an identification of £ with the fiber over a base point of B, the 
topology of the Lefschetz fibration is determined by its monodromy representation 
^ : tt\(B — {critical values}) -> Tj. If the base is B = D 2 the monodromy along 
dD 2 = S 1 is given by the product of right-handed Dehn twists corresponding to the 
singular fibers, and called the total monodromy of the fibration. A Lefschetz fibra- 
tion over S 2 can be decomposed into two Lefschetz fibrations over D 2 , one of which 
is trivial; consequently, a Lefschetz fibration over S 2 is determined by a relator in 
the mapping class group. Conversely, given a product of right-handed Dehn twists 
in the mapping class group, we can construct the corresponding Lefschetz fibration 
over D 2 , and if the given product of right-handed Dehn twists is isotopic to the 
identity (and g > 2), then the fibration extends uniquely over S 2 . The monodromy 
representation also provides a handlebody decomposition of a Lefschetz fibration 
over D 2 : we attach 2-handles to S x D 2 along the vanishing cycles with framing -1 
relative to the framing that the circle inherits from the fiber. (For more detail, see 

e.g. m)- 
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For this paper, the base B will be either S 2 or D 2 . When B — D 2 , we may then 
specify a Lefschetz fibration by the data of the diffeomorphism type of a generic 
fiber E = and a word A = T an ■■■T ai in given as a composition of 

positive Dehn twists. When B = S 2 , we further require that A is a factorization 
of the identity in Ts and the genus of E is at least 2. We denote the resulting 4- 
manifold by A^.a, which is unique up to Hurwitz equivalence (i.e. under relations 
of type (III) from the previous section) and global conjugation of A. 

An open book decomposition is a pair (£,</?), where if £ T-£. From the mapping 
torus (E x [0,1])/ ~, where (i^(x),0) ~ (x,l) for x £ E, we obtain a closed 3- 
manifold My, by gluing solid tori to the boundary so as to identify (y, t) with (y,t') 
for y £ 3E. For a closed 3-manifold M, a celebrated result of Giroux [9] gives a 
1-1 correspondence between open book decompositions of M up to a stabilization 
operation and contact structures on M up to isotopy. 

In the case that a Lefschetz fibration over D 2 has fiber E = Eg,;,, 6^0, 
the boundary M = dX^ \ has a natural open book decomposition (E, </?), where 
A G Fac + ((,f). Conversely, given an open book decomposition (E, a positive fac- 
torization A into twists about homologically non-trivial curves obviously determines 
a Lefschetz fibration Xs^x, which by Eliashberg [3] determines a Stein structure on 
Xy.x- Even more, the contact structure induced on M by the Stein filling given 
by the Lefschetz fibration agrees with the contact structure supported by the open 
book decomposition (E, (p) through the Giroux correspondence (full details may be 
found in dJ.QI]). 

4. Signature and Euler characteristic of a relation 

In [5] , Endo and Nagami introduce the concept of the signature of a relation in a 
mapping class group, generalizing a formula of Meyer for the signature of a surface 
bundle over a surface to the case of a Lefschetz fibration over S 2 with closed fiber. 
A particularly useful aspect of this approach is that it allows one to calculate the 
signature of a Lefschetz fibration as the sum of basic relations in the monodromy. 

Definition 4.1. (Endo and Nagami [5]) Let E = E g , g : T — > Ty the homomor- 
phism defined in Section [5J and r g : Ty x Ts — > Z the signature cocycle of Meyer. 
Then there is an explicit homomorphism c g : ker(g) — > Z inducing the evaluation 
map 7?2(rs) — > Z for the cohomology class of T g . For a relator r £ ker(g), the 
signature of r is J(r) := —c g (r) — s(r), where s(r) is the total exponent of the 
separating curves in r. 

In [5], Propositions 3.6, 3.9, 3.10, and 3.12, the signatures of the relations listed 
in Theorem 12.11 are calculated. In particular, we have: 

Lemma 4.2. Let Tb, rj and r c be the braid, lantern and 2-chain relators (III, IV 
and V of Theorem \2.1\) , n(r) denote the total exponent of all simple closed curves 
in r, and I as in Definition ^ . 1\ Then 

• I{r b ) = n{r b ) = 

• l(n) = l, n(n) = -l 

. Z(r c ) = -7, n(r c ) = 11 

Now, following section [2] for r any relator, we write r = Yi r i' where each is 
either a lantern or a 2-chain relator. Clearly, we have n(r) — ^ n{fi). Furthermore, 
it follows from Definition 14.11 that I(r) — J2H r i)- Thus, for example, for r the 3- 
chain relator as constructed in Example 12. 21 we have r = r\r2 where ri is a lantern, 
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r2 a 2-chain relator. Thus J(r) = 1 — 7 = —6, while n(r) = — 1 + 11 = 10. If we 
consider instead the 'non-standard' relator r ns of Example 12. 3[ we see that I and 
n agree with that of the 2-chain relator. 

It is straightforward to see from the handlebody description that if a Lefschetz 
fibration is modified by an r-substitution in the associated mapping class factor- 
ization, then the change in the Euler characteristic of the 4-manifold is exactly 
n(r); i.e. if A' is an r-substitution of A, then n(r) = e{X^,y) — e(Xs y \). That the 
analogous statement holds for I(r) in the case of a closed Lefschetz fibration over 
S 2 is the content of Theorem 4.3 of [5]: 

Theorem 4.3. [Endo and Nagami] Let ^s g ,A, ^s g ,A' be Lefschetz fibrations over 
S 2 , where A' is an r-substitution of X. Then 

o-(Xx g ,x)-o-(X Sg , x )=I(r). 

For the purposes of this paper, we require a version of Theorem 14 . 31 which covers 
the case of Lefschetz fibrations with open book decomposition boundary. We have: 

Theorem 4.4. Let £ = £ 9 .fc be a surface with boundary, and X^^x, ^s,A' Lefschetz 
fibrations over D 2 , where X' is an r-substitution of X. Then 

(1) a{X s , x ,) - a(X^ tX ) = I(r). 

Our approach is to embed and X^.y into Lefschetz fibrations which satisfy 
the hypotheses of Theorem I4.3| and then, using Novikov additivity and Wall's 
formula for non-additivity of the signature, show that the signature equality ([1]) 
holds at each step as we remove what is necessary to recover our original fibrations. 
We require the following application of Wall non-additivity: 

Lemma 4.5. Suppose Xi, X- are compact ^-manifolds such that dXi = dX[, 
i = 1,2. Let X = X\ U / X 2 , X' = X[ U / X' 2 be the result of gluing along a common 
submanifold N of the boundaries via an orientation reversing diffeomorphism f. 
Then 

o{X) - a{X^ - o(X 2 ) = o-(X') - a{X[) - n{X' 2 ). 

Proof. By Wall's formula for additivity of the signature in this situation [21], we 
have 

o-(X) - a{X x ) - a{X 2 ) = -a{V; A, B, C) 

where the 'correction term' o~(V; A, B, C) depends only on the inclusions of dN in 
dX x —N,N and dX 2 - N. In particular, the calculation for a{X') - a(X[) - o(X' 2 ) 
gives the same correction term, from which the result follows. □ 

Proof of Theorem \4-4\ To set things up, let £' = Ei^+i, E" := £ Ug(£) and E 
the closed surface obtained by filling in the remaining boundary component (Figure 
3]). It is well-known that any mapping class on E s i has a factorization such that 
all negative twists are about the boundary component 5, so in particular there 
is n such that Tg o A^ 1 has positive factorization X\. The word Ai o A is thus a 
factorization of the identity element in Tg, so X^ AioA gives a Lefschetz fibration 
over S 2 (a similar construction was used in [2] , where one may also find a proof of 
the above 'well-known' fact). Note that our choice of E' ensures that, unless E is a 
disc (in which case the mapping class group is trivial), the genus of E is at least 2, 
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so that AioA is well-defined. Now, A = A' as elements of Ls, so the above goes 
through identically for A'. By Theorem 14.31 we have 

^£x 1 ov)-^£, AloA )=/M. 




Figure 4. Surfaces involved in proof of Theorem 14.41 

It remains to check that the equality ([lj holds as we remove these new bits to 
recover the signatures cr(X-£ \) and cr(X^ \') f° r the Lefschetz fibrations over D 2 . 
The Lefschetz fibration JT,g AioA -, over D 2 is obtained from the (closed) fibration 
over S 2 by deleting a piece with zero signature, so by Novikov additivity the equality 
(JlJ holds for these. Similarly, using Lemma 14.51 removing a disc from the fiber 
(corresponding to a 4-ball in the corresponding 4 manifold) to recover the Lefschetz 
fibrations with fiber E" gives 

^C^E.AioA') ~~ a ( X E",\io\') = <r( X %\ l0 \) ~ CT (^S",AioA) 

and so 

CT(ATs",A 1 oA') - ct(^S'',A i0 a) = v{ X % t \ loX <) _ ^(^S.Aioa) = 7 ( r )' 

Then Xs",\ l0 x is a fiber sum of and As» ; a, so 

Finally, another application of Lemma 14.51 gives the equality for E, as desired. 

□ 

5. Applications 

Let (E, ip) be a positive open book decomposition supporting (M, £). Now, 
while any A S Fac + (ip) determines a Stein filling X^,x of (M, £), it is not the 
case that any Stein filling X can be given as Xsx for some A £ Fac + (<^) (see 
Section 5 of [22] for an explicit counterexample). It does however follow easily from 
Giroux's theorem that there is some (E', <p') obtainable by some number of positive 
stabilizations on (E,y>) such that this holds; i.e for any Stein filling X of (M, £), 
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there is A 6 Fac + (ip') such that X = Xt.,\- Note then that by Theorem 14. 4[ and 
the calculations of Lemma l4~2l we find that, if X' is any other Stein filling of (M, £), 
then e(X) + a(X) = e{X') + cr(X') (mod4). 

Corollary 5.1. If X,X' are Stein fillings of contact (M,£), then e(X) + cr(X) = 
e{X')+a{X')(modA). 

Remark 5.2. ft is worth noting that this corollary is included here mainly for mo- 
tivational purposes; on its own it can be derived easily by observing that, if Y is 
a (strong) concave symplectic filling of (M, £), then X Um Y and X' Um Y admit 
symplectic, in particular almost-complex, structures, so that the sum e + a of each 
is 0(mod4) (see e.g. [10]). The conclusion follows easily. 

If, however, [M, £) is supported by planar (£, ip), then the situation is somewhat 
more restrictive, due to a recent result of Wendl which in effect says that we do 
not have to stabilize (E,ip). In particular, in [23], Wendl has shown that if planar 
(£, (p) supports (M, £), and (X, ui) is any minimal strong symplectic filling of (M, £), 
then (after possibly enlarging X by a trivial symplectic cobordism preserving the 
contact boundary), (X,uj) admits a Lcfschctz fibration whose boundary is (£,</?). 
It follows that (X,uj) is symplectically deformation equivalent to Stein X^.x for 
A e Fac+{ip). 

To summarize using our notation, 

Theorem 5.3 (Wendl). Suppose that X is a minimal strong symplectic filling of 
(M,£), and that the latter admits a planar open book decomposition (£, cp). Then 
there is A G Fac + (ip) such that X = Xs,a- 

To see that this gives a restriction, we have the following direct corollary of 
Theorem O 

Corollary 5.4. Let S = £ ,& ^ e a planar surface, ip € T^, and X±, X2 € Fac + tp. 
Then Ai,A2 are related by an r- substitution where r = Yl r i * s a concatenation of 
lantern relations. 

Now, it follows that, for each i, either /(r,) = 1 and n(r^) = —1, or /(r,) = —1 
and n{r.i) = 1. In particular, we have: 

Lemma 5.5. Let S = Eo,b be a planar surface, tp G Ts, and Ai,A2 G Fac + (p). 
Then e(Xs j \ 1 ) + a(X^,x 1 ) = g(Xt,,\ 2 ) + o-(Xt,,\ 2 ). 

And thus: 

Theorem 5.6. If ' X\,X% are Stein fillings of planar (M, then e{X\) + cr(X\) = 
e{X 2 ) + a(X 2 ). 

Note that, using Wendl's result (see the discussion preceding Theorem [5?3j, and 
the observation that e + a is preserved under blowups, we may replace 'Stein' in 
Theorem 15.61 with 'strong symplectic'. In fact, a recent strengthening of Theorem 
15.31 due to Niederkruger and Wendl [15], and brought to our attention by Chris 
Wendl, extends the result to the more general case of weak symplectic fillings. 

6. Curve configurations as obstructions to planarity 
We begin with some terminology: 
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Definition 6.1. Let tp 6 £>e/m + (E). We say tp contains the positive word A if 
there is a positive word A' such that A' o A £ Fac + (tp). Similarly, ip admits relator 
r = A^ X A 2 if tp contains Ai. Finally, relator r is allowable (on E) if r consists only 
of twists about homologically non-trivial curves. 

Observation 6.2. Using the braid relation, it is easy to see that tp contains A if and 
only if ip admits a positive factorization T Qn r Qn l • • -r ai in which the twists of A 
appear in order; i.e. A = T asm T a , m _ 1 1 ■ ■ T a si , where s, > Si—i for all i. 

From the discussion following Lemma 14.21 along with Theorem 15.61 it follows 
immediately that if positive <p admits allowable relator r, and I(r) + n(r) = m, 
then the supported contact manifold admits Stein fillings X and X' such that 
e(X) + a(X) = e(X') +a(X')+m. By Theorem ( M, £) can therefore be planar 
only if m = 0. 

We may then restate Theorem 15.61 as follows: 

Corollary 6.3. Let (M,£) be supported by (E,<£>), where ip £ Dehn + (E<). Then if 
(p admits allowable relator r satisfying I(r) + n(r) ^ 0, then (M, £) is not supported 
by a planar open book decomposition. 

We proceed with a particularly simple realization of this obstruction. From 
Lemma l4~2l we see that if tp admits the 2-chain relator, then (E, <p) is not stabilization- 
equivalent to any planar open book. We can generalize this as follows: 

Definition 6.4. Suppose (E, ip) is an open book decomposition satisfying tp £ 
Dehn + '(E), and let E' = E gj f, be a subsurface of E such that ip contains the multi- 
curve <9E' . Then we say tp bounds E gj f,. 

Consider the following well-known (see e.g. [5D]) generalization of the 2- and 
3-chain relations introduced in section [5J Let a\, . . . , a n be a chain of curves; i.e. 
such that each pair m, oti+i have a single point of intersection, while curves of 
non-consecutive index are disjoint. Note that for n even, a regular neighborhood 
of such a chain is a surface of genus n/2 with 1 boundary component, which we 
denote S, while if n is odd, a regular neighborhood is a surface of genus (n — l)/2 
with 2 boundary components, which we denote 5\ and 82 ■ 

Lemma 6.5. (see, e.g. |20] ) For even n, i~^ 1 (T ai ...T an ) 2n+2 is a relator, while 
for odd n, TgT^ (T ai . . .T Qn )" +1 is a relator. 

Using the n-chain relation, we see that if tp bounds either E 9i i or E 9i 2, .9 > 1, 
then tp bounds E 9 ',2 for each 2 < g' < g. In particular, tp bounds Ei^, and so any 
of these is an obstruction to planarity. 

We may similarly obtain relators (and thus obstructions to planarity) if tp bounds 
Ei,6 for 2 < b < 9 (see [11] for an explicit construction, from which one may 
easily calculate I and n for each relator - indeed, each can be decomposed as a 
concatenation of a single 2-chain relator with some number of lanterns, so the sum 
7(r) + n(r) for each such r agrees with that of the 2-chain). Note that the non- 
existence of elliptic fibrations with more than 9 disjoint sections means that there 
is no such relator for b > 9. 

In the genus 2 case, Onaran [16] has given relators for £2,6, b < 8. Analogously 
to the previous case, there can be no such relator for b > 12; it is not known whether 
relators exist for the remaining cases 9 < b < 12. It is again straightforward to 
check that each satisfies I(r) + n(r) ^ 0, and so gives an obstruction to planarity; 
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i.e. if ip bounds £2,6 for b < 8, then the contact manifold supported by (£, ip) is 
not planar. 

Of course one may play a similar game with arbitrary relations, such as that of 
Example 12 .31 which need not necessarily bound any subsurface. 

7. Comparisons with existing obstructions 

In this section we make some comparisons between the implications of the results 
of this paper and those of [3] and [TS]. To that end, we recall here the relevant 
theorems from these papers: 

The first known obstruction to planarity is as follows: 

Theorem 7.1. (Etnyre 6 ) If X is a symplectic filling of (M, £) which is supported 
by a planar open book decomposition, then b^{X) — b^X) — 0, dX is connected, 
and if M is an integral homology sphere then the intersection form Qx is diago- 
nalizable over the integers. 

For the obstruction of [18] . recall that (a version of) the Heegaard Floer ho- 
mology, HF + (M), of a 3-manifold M is an invariant which is a module over 
the polynomial algebra Z[U]. Moreover, the decreasing sequence of submodules 
U d ■ H F + (M)^L stabilizes for sufficiently large d. The 'contact invariant' c + (£) is 
an element of HF+(-M). 

Theorem 7.2. (Ozsvdth, Stipsicz and Szabo [18j ) Suppose that (M, £) is supported 
by planar (£,93). Then its contact invariant c + (£) is contained in U d ■ HF + (-M) 
for all d e N. 

This last obstruction is of course quite difficult to apply directly, as HF + , as 
well as c + , are in general quite difficult to calculate. We have however the following 
corollaries: 

Corollary 7.3. [18) Suppose that c + (£) 7^ and the associated spin c structure s(£) 
is nontorsion (that is, ci(s(£)) is not a torsion class). Then £ is not supported by 
a planar open book decomposition. 

Corollary 7.4. [18j Suppose that M is a rational homology 3-sphere (M, £) 7 £ a 
contact structure with ci(s(£)) = 0, and that (-M, £) admits a Stein filling (X,J) 
such that 2c\(X, J) ^ 0. Then £ is not supported by a planar open book decompo- 
sition. 

Observation 7.5. Note that Corollary 17.41 is actually a slightly weaker version of 
the corollary as written in [18j, which in particular does not require M to be a 
rational homology sphere, and also only requires ci(X, J) ^ 0. Indeed, several of 
our examples below provide examples in which the corollary does not follow without 
these extra conditions. Andras Stipsicz has informed us that this weaker version 
was in fact the intended statement. 

Now, given (M, £) with open book (£, <p), denote by C(s )V ) the set {(£', <p')\E< C 
and ip' contains ip}. Thus, for each element of C(£ !l(0 ), there is a Stein cobordism 
from (M, £) to the supported contact 3-fold (given by attaching 1-handles, and 2- 
handles along Legendrian knots - observe that via chain relations we may assume 
all Dehn twists are about homologically non-trivial curves). Now, for each of the 
three obstructions, if (M, £) can be shown to be non-planar, then the same is true 
of each (M', £') supported by an element of C(s jV ). Indeed, for our obstruction this 
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is trivial. For the others, in [BJ it follows from (the construction in the proof of) 
the main theorem, while for |18j the result follows from properties of the map F^ x 
induced by the cobordism X. 

We will use our examples coming from the 'bounding' configurations of the pre- 
vious section as a test case for our comparison. We will denote the mapping class 
which factorizes into a Dehn twist about each boundary component of £ by Tgs (or 
simply tq if there is no ambiguity). Then C(£ btTg ) is exactly {(£, ip) | cp bounds 
S 9:6 C £}. We have: 

Corollary 7.6. Let (M,£) be supported by (S,y) with ip € Dehn + {Yi). Suppose ip 
bounds Sg.fc, where one of the following holds: 

(1) fee {1,2} 

(2) g = l,b< 9 

(3) g = 2,b<8 

Then £ is not supported by a planar open book decomposition. 

Proof. The only case not covered by the results of Section [BJ is g = b = 1. We 
may however, as in [7J, observe that (E l l7 (r Q1 r a2 ) 5 ) supports the unique tight 
structure on the Poincare homology sphere £(2,3,5), which is non-planar by [5J. 
Then C( El liTa ) C C(E 1)1 ,(T ai T„ a )6) s so we are done. □ 

Observation 7.7. As we will see, the 3-manifold corresponding to the minimal el- 
ement (E Si {,,ra) in each above case is the circle bundle Y g ,-b 01 Euler number —b 
over a closed surface of genus g. The Heegaard Floer groups of these manifolds 
have been particularly well studied. In particular, it follows from e.g. Theorem 5.6 
of [H] that for b>2g-l, U-HF+{Y g ^ b ) = HF+{Y g ^ b ) (i.e. HF red {Y g ^ b ) = 0). 
Thus the obstruction of Theorem 17.21 (and its corollaries) does not apply to any 
contact structure on these manifolds. On the other hand, by Lemma 17.81 we see 
that Theorem 17.11 applies only in the case g = b = 1. We find then that for e.g. 
g = l and 1 < b < 9, or for g = 2 and 3 < b < 8, the contact structure supported 
by (Y>g t b,Tg) can be shown non-planar only by our methods. 

For completeness, we investigate the minimal element of each set C(s 3 b .r a ) : 

Lemma 7.8. Let {M,^) be supported by (Tig^^Tg), where b > 1, and let (X,J) 
be the Stein filling given by the Lefschetz fibration Xs g b ^ T0 . Then Qx =< — b >. 
Furthermore, 

(1) If b — 2 and g > 0, or if b > 1 and g = 1, then Ci(X,J) ^ 0, while 

Cl ( 5 (0) = o. 

(2) If g > 1 and b > 2, then ci(X,J) ^ 0, and ci(s(£)) is non-zero exactly 
when 2g — 2 ^ 0(mod(b)) , in which case it is torsion. 

Proof. Observe firstly that M and X are determined by the surgery diagram in 
Figure [5] in particular one may read off the intersection form Qx from the 'Bor- 
romean knot' description in Figure [Sfb) . Of course M is the circle bundle over the 
closed surface of genus g with Euler number —6. 

For the numbered statements, each follows easily from the methods of 0- As in 
that paper (though with slightly different notation), we let ox, ■ • ■ , 02 fl , d\, . . . , db be 
the standard generators of _ffi(£), where the di correspond to curves parallel to the 
boundary components. Choose a component d\ of 9E, and connect each remaining 
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FIGURE 5. A surgery diagram for the handle attachment deter- 
mined by (£ 9! i,,Tg). Dotted circles represent 1-handles (see [10] 
for details). In (a), we have drawn the diagram so as to make 
the open book decomposition apparent. The link in (b) (the 'Bor- 
romean knot') is then obtained by handle slides and cancellations. 



boundary component di, 2 < i < b to d\ with an arc Then, as all mapping 
classes under consideration can be factored as boundary-parallel twists, we have 

Hi(M;Z) =< aud^aj - ip(<Tj) >, 

where i = 1, . . . , 2g, j — 2, . . . , b. Of course di = — (dz + ■ ■ ■ + db) in Hi(£). It is 
then easy to see that in each case, the only relations are dj = dk for all j, k, and 
b-dj = 0. 

For the Chern classes, again following [7], we will view the curves involved in 
a given positive factorization A = r Qri • • • r ai of <p into homologically non-trivial 
curves as embedded in distinct pages of the trivial open book of # 2g+b ~ 1 (S 1 x 
S" 2 ), whose supported contact structure is filled by the unique Stein structure on 
# 2g+b ~ 1 (S 1 x D 3 ) (Figure [5]). We may then calculate each rotation number r{a{) 
(of a Legendrian realization of c^) as the winding number of with respect to a 
standard trivialization of the tangent bundle of the page. In our specific situation, 
with the curves labeled as in Figure [6l we see that r(d\) = 0, r(d,) = 1 for 2 < i < 
6—1, and finally r(c4) = 2g. In particular, c±(X, J) ^ 0. Furthermore, ci(£) is the 
restriction of c\{X, J) to the boundary M, and its Poincare dual is given by: 

b 

P£>(ci(0)=£r(ai)N 
where is the meridian of a j . 




FIGURE 6. D 4 union (2g+b— 1) 1-handles. The solid lines indicate 
the boundary components of S 9 ,6, the dashed lines generators of 



Putting all of this together, we see that if b = 2 and g > 0, then PD(ci(£)) =2g- 
d 2 =0m Hi(M;Z); if b > 1 and .g = 1 then PD(a(0) = d 2 + d 3 + - ■ ■ + d b - 1 +2d b = 
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b-d 2 = 0; and finally if g > 1 and 6 > 2, then PD(ci(£)) = d 2 +d 3 -\ \-db-i+2gdb = 

(2g + b-2)d 2 = (2g-2)d 2 . □ 

To conclude then, we find that if (£,</?) is supported by (E 5i 6,ra), then in the 
cases not considered in Corollary 17.61 there is no obvious obstruction to planarity 
where by 'obvious' we mean that neither the explicit curve configurations of this 
paper, nor Theorem l7.1l or Corollaries [7|3] and [73] apply Of course it is possible that 
in some cases cither a curve configuration or explicit Heegaard Floer calculation 
would allow one to apply either our results or Theorem 17.21 
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